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A  Proofs

NIC for the EVT-based VaR

Let the conditional exceedance probability of 7; be equal to x, and let 0 < k < v denote our
extreme tail probability. Consider modeling the right-hand extreme tail. For a given values

of f; = f and 7, = 7, we have

fimn=w+f+a (Inl+y)-f),

—fit+1 —w—(1—a)f—aln(l+y;)
VaRi+l = 7" (1/) =T- (1)
K K

B ('}/) —w—(1—a)f (7) —aln(14y;) B (7) —aln(1+y;)
=7 = L =C.[=
K K K
—aln(14y;)
_ gl _ g
=(C -exp <1n (—)) =C-exp (—aln(l + ;) In (—))
K K

=C-exp (In(1 + yi))_aln(”/V) =C-(1+ yi)—aln(n/v)

—C. (Xt/T)aln(H/v) _ é . X;aln(ﬁ/v),

for X; exceeding the threshold 7, i.e., X; > 7 > 0. The shape of the news impact curve for
the VaR based on the EVT approach is thus concave as long as aln(x/7v) < 1. Note that for
the plots in Section 2.3 we have re-cast our EVT approach to the extreme left-hand tail to

make it directly comparable to the approach of Patton et al. (2019).

Preliminary results

Lemma A.1. Under Assumptions 1 and 2, the inequality

E[lnfl+a(e—1)|] <0,
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is always satisfied.

Proof. For b= «a/(1 — «) > 0, we have

Elnl+a(e—1)]=n(l-a)+ /000 In(1 + bx)e *dx

=In(l —a) - [In(1 + ba:)e_ﬂ;o +/ b e "dx
0

< b
=In(l —a) + / “dx
0

1+bxe

[e.9] —x

=In(l—a)+e/? / Az
/b X

=In(l—a)—e* "' Ei (1-a)

< 0,

for 0 < a < 1, where Ei(z) = — ffz t~!e~*dt denotes the exponential integral. [

Proof of Theorem 1

Since In(1 + y;) = fi(0p)€;, we can write the score-driven filter as

fisa () =0+ £:(0) + o (In(1 + ) — fi(6))
=w + fi(0) + a <fi(00>€i - fz(0)>

—w+ (1 —a) fi(0) + ae fi(6).

When evaluating the process above at the true parameter vector 6y, we note that the unob-

served process { fi11(00) }icz satisfies

Ji41(00) =wo + (1 — ap + aoe;) fi(bo)-

Note that both f;(#) and f;(f,) are embedded in the stochastic recurrence equations (SREs)

of the form f;41(8) = ¢(fi(6),:,0) and fi11(60) = ¢(fi(6h), €, 6o), respectively.
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Part (i): To prove stationarity and ergodicity (SE) of fi(6y), we apply Theorem 3.1 of

Bougerol (1993). We first check the log-moment condition, which is easily satisfied since

. [ln+ ‘qb(fl, 6“90)‘] <E (1 — ap + ape;) )

Inwy + In (1—|— Ji
wo

1 -
=lnwy+ —f1 < o0,
wWo

S

1-— i) =
zlnw0+E{< @0 + Qo) }

Wo
for all f; € (0,00), where we have used the fact that ¢; is IID exponentially distributed with

unit mean following Assumption 1. The contraction condition of Bougerol (1993) follows

directly, as

0(f.<i,b0)

o7 :E[1n|1+ao(ei—1)|} <0,

E |supln
f

for ap € (0,1) using Lemma A.1 above. Hence, all the conditions of Theorem 3.1 of Bougerol
(1993) are satisfied and we conclude that an SE solution f;(6y) exists and that any initialized
sequence converges exponentially fast almost surely (e.a.s.) to this unique SE limit. Given
y; = exp(fi(fo)e;) — 1, it follows immediately that y; is SE by Proposition 4.3 of Krengel
(1985).

The existence of moments follows from Lemma 2.4 of Straumann and Mikosch (2006).

The almost sure SE representation of f;(6y) equals

oo i—1

fi(Bo) =wo Y _J[ (1 + aolein; — 1)) > 0. (A1)

i=0 j=0

Note that E [(1 4 ag(e; — 1))?] < oo for any finite ¢ > 0 given that €; has a unit exponential
distribution. Following to Lemma 2.4 of Straumann and Mikosch (2006), there exists an

0 < n < 1 and a sufficiently small 0 < r < ¢ such that E[(1 + ag(e; — 1))"] = n and thus
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E[Hj‘;%)(l + ap(€;—j — 1))"] = n'. Using this, we obtain

o) i—1 00
Efi(00) ] =wp > E|J[(1+aoleimy —1)"| =wp Y n' < oo
=0 7=0 =0

As In(1 + y;) = fi(6o)e;, this also directly establishes the existence of a log-moment for

In(1 + y;) and thus proves the first part of the theorem.

Part (ii): To prove that the filter fi(d) is SE, we again apply Theorem 3.1 of Bougerol

(1993). The existence of a log-moment is ensured because

E < C+In*supw+Insup (1 —a)+ " fi +supaE [In* In(1+ y,)]

0cO 0cO 0cO

lIl+ sup qg(f_lv Yi, 6)’
0cO

< 00,

for any f; € (0,00), and where C is a finite constant. The last inequality follows from the
assumed log™ moment for In(1+ y;) and is automatically satisfied via part (i) of the theorem
if the model is correctly specified.

To establish the contraction property, note that

S F g
E |supsupln —Ekb(f,yz, ) =E

0c0 7| 0co 0co

supln (1 — a)] =supln(l —a) <0,

as 0 < a < a < a < 1. We can now use Theorem 3.1 of Bougerol (1993) and conclude that
fZ(H) is asymptotically SE, and converges e.a.s. to a unique SE limit f;(6), i.e., supgeeo \ﬁ(@)—
()] <2 0.

This establishes the second part of the theorem.
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Part (iii): First note that f;(6) > W, and thus

1 B 1
fi(0)  fi(0)

€.a.s. O

£:(0) — £:(0)

sup

2
< W - osup
0cO

0cO

€.a.S.

It then follows directly from Lemma 2.1 of Straumann and Mikosch (2006) that 2/ (6) <%
21 (0) uniformly over 6 € © if E[In* f;(6,)] < co. The latter follows immediately from Part
(i) above.

The boundedness of the moments follows along the same lines as Lemma A3 of Francq
and Zakoian (2012) by replacing their a(n;) = Brz + apzn? for IID n; with zero mean, unit
variance, and P(n? = 1) < 1, by our 1 — a + «a¢; for IID unit exponential ¢;, such that
0 < fBrz =1—a < 0and apy = «a, where frz and apy denote the parameters in the

parameterization of Francq and Zakoian (2012). Similarly, the boundedness of the inverse

moment follows directly along the lines of Lemma 6 of Lee and Hansen (1994).

Proof of Theorem 3

Consistency: We show consistency by verifying the conditions in Theorem 3.4 of White
(1994) with respect to the sequence {Qy, (0)}nen as defined in (9). Specifically: (i) The
parameter space © is compact; (i) { Q. (8) }nen is a sequence of random functions continuous
on O almost surely; (iii) Qn, () =n! Yo 2:(0) = Q(0) :=E [Qi(0)] as ny — oo almost
surely; and (iv) {Q(f) : © — R} has an identifiably unique maximizer , € ©, that is,
Q(6y) > Q(6) VO +# 6.

Condition (7) holds by assumption, whereas (i) trivially follows by continuity of {2/ (8) }icz
and {2/ (0)};cz. Furthermore, from Theorem 1 we obtain that E [supge@ ‘Ql(ﬁ)u < oo and
E [SUpeee ‘Q,(Q)}] < 00. Theorem 1 also ensures that the process {2/ () };ez converges e.a.s.

to its stationary and ergodic limit {2/ (0)};cz. We thus have

sup ‘Ql(G) - Qi(e)‘ < sup [In 2/ (0) —In 2/ (0)| — & - sup |5/ (0) — 2/ (0)].

[
0O 0cO 0O
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By the mean value theorem, there exist an intermediate point f7(6) between f;(0) and f;(6)

such that, using Lemma 2.1 of Straumann and Mikosch (2006), we obtain that

~ 1 ~
sup [In 2/ (9) — In zf(@)’ =sup |In f;0) —In f;(0)| = sup | — sup | fi(60) — f:(0)
6o =) oco | f1(0) | oco
< —sup7:(6) ~ £:6)| <=0
Wy 0eo

Since E [¢;] = 1 by Assumption 1, we can again apply Lemma 2.1 of Straumann and Mikosch

(2006) to get

e; -sup |2/ (0) — 2/ (6)] =22 0.
fcO
It thus follows that
sup |Qi(0) — Qi(0)] <= 0, (A.2)
e

with E [sup(,e@ |Qi(9)]] < 00. Let Oy (6) = 3277, In 2/ (8) — ; (= () — 1) be the SE limit of

Q.. (6). Now, from the triangle inequality

Lo.0)-a0).

nr

sup

fco |NT pco |NT 0cO

L6, - Qw)\ < sup

Lo,.0)- Qme)' +sup

The first term on the RHS vanishes almost surely using Lemma 2.1 of Straumann and Mikosch
(2006) and (A.2). For the second term, we can apply the ULLN for stationary and ergodic

sequences of Rao (1962). As a result, we have
LSRN0 e — f f
Jim - ; 0,(0)= 0() =1 +E [m A 0) - 2 (e)] , (A.3)

almost surely. For the last equality we have used the fact that ¢; is independent of zif (0) and
E [e;] = 1, as implied by Assumption 1.

Furthermore, Q(f) < 0 with equality if and only if zf (f) = 1 almost surely, because
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log(z) — z+ 1 < 0 for any z € R*, with equality only for = = 1. Note that z/(6y) = 1.
This in turn implies that Q(6;) = 0. We conclude the consistency proof by showing that
if 2/(0) = z/(6,) = 1 almost surely for every i, then it must be that w = wy and ap = .
To show this, note that it suffices to show that the implication holds for f;(#) = f;(6o).

Therefore, let f;(6) = f;(6y) almost surely for every i. We then have that

0= fi+1(0) — fir1(60)
= (w—wo) + (fi(0) — fi(6o)) — afs(0) + o fi(6o) + (o — cxg) € f5(6o)

= (w—wo) + (a — ag) (& — 1) fi(o),

almost surely. Obviously, from Assumption 1, ¢; is an JF;-measurable random variable with
a non-degenerate distribution, and from Theorem 1 f;(6y) also has a non-degenerate distri-
bution. As a result, the equality only holds almost surely if both a = g and w = wy.

The strong consistency of the MLE énT in (3) is then guaranteed by noting that all the

conditions of Theorem 3.4 in White (1994) are satisfied.

Asymptotic normality: Next, by strong consistency of the MLE énT, we obtain that, for

large enough nr the following Taylor expansion is allowed:
V10,1 (Bg) = V0o (00) + V7 0,y (6°) (B — 1) (A1)

where Q,,,.() = Y277, Q:(9) and |6 — 6| <

énT - 60‘. It is easy to see that since the MLE
0,.,. is the maximizer of O, (A) and #, € int(©) by Assumption 2, we have V?Q,,_(0,,) = 05,
and hence we can rewrite (A.4) as

1 g0 A ; L o0
L9 (1) = L =
T

nr
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To prove the asymptotic normality of the MLE énT we verify the conditions given in The-
orem 6.2 of White (1994). In particular, we let (2, F,P) be a complete probability space,
and verify that: (i) The parameter space © is a compact subset of R? with non-empty in-
terior, (ii) the random function Q,,(A) : 2 x © — R is continuously differentiable of order
2 on © almost surely, (iii) The MLE énT : 0 — O is F-measurable and strongly consis-
tent, i.e. 0,, == 0y where 6, €int(©); (iv) the score vector satisfies n;l/QV(’QnT(QO) =
N (02, E [VeQi(GO)VeQi(GO)T}); (v) the uniform stochastic convergence of the Hessian ma-
V0, (6) ~ VO(6)|

finite; (vi) the limit V% Q(0) evaluated at the true parameter vector 6, satisfies —Q(6y) =

trix, that is, supyeg =2 0, where V#Q(0) = E [V?Q;(0)] is

—E [V”Qi(60)] = Z(6), where Z(6,) is the Fisher’s information matrix.

Obviously, (i)—(éi7) are directly implied by Assumptions 1 and 2.

For (iv) it suffices to prove that {V’Q;(6y) }ien is a stationary and ergodic zero-mean mar-
tingale difference process with respect to the filtration {F;}ieny with F; = o{€;, €;1,€;2,... }.

In fact, note that

E [VGQi(eo) ’ ]:i—l} = Vv°21(6,) (zf(leo)

—E [€i|~/—_:i—1]) = 02, (AG)

which clearly follows from Assumption 1, the fact that ngif (0) are F;_i-measurable, and
that 2/ (6) = 1 for all i.
Moreover, we can also prove that V?Q;(fy) is square-integrable since we clearly have

zif(Qo) = 1, and therefore vez{(eo) = —Ve(l/zlf(eo)) and

2
E VGQi(Qo)VOQi(Qo)T} =K |V’ (60)V?2 (6)" ( f(lg ) — ei>
Zi 0

E [V%Zf (60) V'] (HO)T]
_ 0 1 0 ; T 00
2| ()9 () | <
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as implied by Assumption 1 together with Lemma B.2. Therefore, we are allowed to apply

the CLT for square-integrable martingales of Billingsley (1961) to obtain
n7? v0Q,,(60) = N (02, E [V"Qi(QO)VGQi(GO)TD ,

where = denotes convergence in distribution. Next, we focus on (v) and prove the uniform

stochastic convergence of the Hessian matrix. From the triangle inequality

R _ 1 A 1
sup ||V D, (6) — v‘”g(e)H <sup||—=V* 3, (6) — — v Qi(H)H
fco || NT fco || T nr
1 _
+sup || —V?Q, . (0) — V?O(0) ' , (A7)
oco || T

where {V%Q;(0)};ez is stationary and ergodic and V?Q(f) = E [V?Q;(0)] where, by
Lemma B.3, E [supeeg HV%QZ»(Q)H] exists.

Hence, from the ULLN of Rao (1962) for stationary and ergodic sequences,

sup 2250.

oco || NT

Lgmwg, 6 - v%Q(e)\

Now, from Theorem 1 and Lemma B.1 together with continuity arguments, we obtain

sup Hv%@(e) . v%iw)‘ casy g

0co

Combining these results, we conclude that (A.7) vanishes almost surely, that is

sup 2%550.

0cO

Lomg, ) - v“@@]

nr

Moreover, by the strong consistency of the MLE, and the fact that 6 — V% Q(#) is continuous,

to complete the proof, we only need to verify (vi) and show that V% Q(6,) is non-singular.
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By applying the law of iterated expectations and Assumption 1, we get that

B [V%Qz‘(eo)] =E | V"2]/(0) ( f1 _€i> = V72 (00)V°=] (60)T ! ]

z; (6o) Zijc(eo)?

_E|E [v%g‘(eo) (1— ) — V02 (0)V2 (8,)T ‘ FHH

=-FE [v%{ (00)V0 2! (GO)T} ;

since 27 (6,), V?2/ (0) and V#2! (6,) are F;_j-measurable, 2/ (6y) = 1 for all i, and E [¢;] = 1.

Note that the process {V?2/ (6y)}icz can be written as

sz fz+1( ) o f1+1( ) 0
Vinalf) = (f ) f;H()VfZ“”

)
= Ft (9 (V) (B0~ £00) + (1= )T4))

fz+1

:(J;g@)) (fzil(e?))) (0@ + (= ¥'=(0)), A9
1hE) L (/E) - a)

wy(0)

I
VRS

where fi(0g)/fix1(00) = 1/(1 + aple; — 1) + wo/fi(0p)). Since {V9z;(0y)}icz are stationary
and ergodic, if V#Q(0) were singular, then IA € R2\{0,} such that ATV?z/(6,) = 0,
almost surely Vi € N. This is obviously ruled out by the functional form of (A.8) and
the unit exponential distributional form of ¢; and, therefore, it must be that ATVGZif (6y) =
0, < X = 0, and thus, V®Q(f;) is non-singular. In conclusion, we note that the Fisher’s
information equality E [V?Q;(00)V?Qi(60) "] = —E [V*Q;(6y)] = Z(6,) follows by standard

arguments.

Proof of Theorem 4

We prove this Theorem by verifying conditions (C.1)—(C.4) in Lemma 1 of Cavaliere et al.

(2025). First, we note that, under our current set of assumptions, ny — oo as T' — 00; see
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the discussion at the start of Section 3.

Now, for condition (C.1), we already proved in Theorem 3, point (iv), that {V?Q;(6y) }ien
is a stationary and ergodic zero-mean martingale difference process with respect to the filtra-
tion {F; }ien. Thus, by the functional CLT for stationary and ergodic martingale differences
(see, e.g., Billingsley (1999), Theorem 18.3) together with an application of Theorem 2.1 of

Gut (2009), we have

[np-r]

g Z VPQi(0y) = W(r)  (for np — o),

where W (r) denote a Brownian motion with covariance matrix Iy. Therefore, condition (C.1)
holds. Moreover, condition (C.2) also holds, as implied by the result obtained in point (iv)
in the proof of Theorem 3, and with another application of Theorem 2.1 of Gut (2009).
Condition (C.3) requires that the third-order derivatives of the log-likelihood difference
V9%%Q;(0) are uniformly bounded by a stationary and ergodic process over a closed neigh-

borhood of the true parameter vector 6y, say {w;} that has a bounded first moment,

i€z
ie., E[w;] = w < oo. This is proved in Lemma B.4 below, where we also show that
# Yo w; L%, w, which directly follows by the ergodic theorem and Theorem 2.1 of Gut
(2009).

Finally, it remains to check if condition (C.4) is satisfied, which requires that ny/T <= ¢
for some ¢ € (0,00). However, this clearly hold by means of the arguments discussed in
Section 3, but with ¢ € (0, 1] since the number of POTs is always positive, and cannot exceed
T, the number of observation.

Then, by Lemma 1 of Cavaliere et al. (2025), we obtain the desired consistency and

asymptotic normality of the MLE under random number of POTs.
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B Technical lemmas

0 _ 8
We define the operators V” = =,

<

2 2 I
00 _ 80%7 and V% = %Eiﬁ (aa%T)‘ In addition, we

denote the score vector by V9Q;(6) = (V<Q;(0), VO‘Q,-(H))T € R?, the Hessian matrix

V*Qi(0) = vE@O) Ve € R¥?,

Vwoc@i (9) Voca@i(e)

and the third derivative matrix

wain (9) waaQi (6)

v*Qi(0) = V@) v € R¥>2,
Vwani(e) vwaaQi (9)
vaaw@i<0) Vozaa@i(e)

It is important to note that differentiating the log-likelihood difference Q;(0) is equivalent
to differentiating ¢;(#) as defined in (3) since ¢;(6y) does not depend on . Define z/"™ () =

7

1/2/(#). The elements of the score vector are given by

nglf,invog)

0. — ‘f -1 . o f — ppp— ‘.f’inv _ 7
VOQi0) = ((0) = &) V21 (0) = (e — 2™ (0)) T gy (B.1)
the Hessian matrix
~ VOO0V (6)T
vQu0) = (0" - ) vel (o) - YOV A0
z (0)
) 00 . f>inv 0, finv 0, f-inv T
_ <€7L _ Zif,mv<g)> v f/-ZZ (6) _ QV Zz (f)v Zz (9) (BQ)
ZZ ,1HV<0)2 ZZ 711”1V<0)3

B vezif,inv<0)vezif,inV(9)T
S
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and the third derivative matrix

vec V% f (’zf T
Vm@i(@):(zf(e)‘l >v099 /(9) - ( Vv Z;f;)lv i (0)

(vee 10 @ vz (0 > <V9 /(0 ®V99zlf(9)>
2 (6)?

2 (V< (0) 0 V'l (0)) V7L (0)T

_l’_
2 (9)?

=(&; — 2™ (9)) <v9i6ii{,iHV(9> ) (vee V72 ’ir;vir(lf))vng ()"
2" (0)? PENE
(VP5(0) @ VO5™(0)) + (V020™™ (0) @ VP20 ()
oy
6 (V0L ()Y (0)T) @ Vezzf,inV(e)>
(g

06 ., f,inv 0 6, f;inv 0 6, f>inv 0T '
— vec Vv flzri ( ) . \% 2 (fi)nv <5 ( ) VOZZ»JC’IHV(9>T
z (0)? z o (0)?

-2

7 K3

(V%Zif’inv(e) ® vgzlf,invw)) + (V(;Zif,invw) ® Vggzlf,invw))
2 (6)2
) (VO™ (0) @ VO™ (0)) Vo™ ()T
+ f,inv<0)3 :

Z

(B.3)

where the first derivative processes V?z/"™ (0) = —z/ (0)2 V2! (0) are defined as V2™ () =

. . T
(vwz{»m(e), vazif’m(e)) € R?, where

N V¥ fi(0)
Ve 1nV(9> fi+1(90) vefz 1(&)
V@ frinv 0) — i+1 _ _ n , B
) ve L‘TV(G) Ve fir(0) fi+1(6o) (B-4)
fiv1(6o)
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and

1

V' fia(0) = o (£:40), V7 1(0), €i,0) =
fi(bo)ei — £i(0)

For the second derivative processes V%zif ™(9), we have

Vaezfﬁv(ﬁ) _ Vgafi+1(9) _ fi+1<80>71 (vwfiﬂ(e) Vwafi+1(9)) |

fi+1(0o) Ve fi(0) VO fira(9)

VY fia(6) = 647 ((6), 97 £i(0), V" 1:(0), 1,0

=V’ ) +(1—a) V'fi(0)

1
fi(QO)Ei - fi(e)

0 Vv fi(0)
Vefi(0) 2vefi(0)

Finally, for the third derivative processes V%™ (6), we have

wawfi<9) waafi<0)

) 600 . Ywow ; 2] AVALe ; 2
VQGQZ{_C?V(Q) _ vf fz(—glgg) _ fi+1(‘90>_1 f( ) f( ) 7

+1\VY0 Vwawfi(e) Vwaafi(e)

vaawfi(e) vaaafi(e)

VI fia(6) = o1 (£(6), V £(6), V" £(6), V" £(6), €1,

0 Ve f,(0)
VEFi(0) 2V £i(0)
VE4Fi(0) 2V fi(0)

2Vee fi(60) 3Veef(0)
~foinv

Similar derivations hold for the initialized counterparts 27" (6) = Fisr/ fisr(6o).
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The following Lemma shows that the derivative processes V?z/"™(6), V%™ () and
V99 25 () of the ratio process {z™(0)}iez are also asymptotically stationary and ergodic

with bounded log-moments.

Lemma B.1. Under the conditions of Theorem 1,

sup HV@%{,IHV(Q) — Vezfvinv(e) e.a.s. 0’
0cO ?

sup Hveeéif’inv(ﬁ) — V99Zif,invw) cas, o

0O
sup Hveeeéf,mv(g) B Veeezif,im,(e) cas, o
0co —

for stationary and ergodic derivative processes V2™ (6), V2™ (9) and V?%2/"™ ().

Proof of Lemma B.1

We note that V?f;,1(6) is a function of both the filter f;(A) and its derivative V?f;(). To
establish the stationarity and ergodicity, we verify the conditions given in Theorem 2.10 of
Straumann and Mikosch (2006) for perturbed stochastic recurrence equations (SREs).

It is immediate to see that the conditions S.1 and S.2 stated in Theorem 2.10 of Strau-
mann and Mikosch (2006) are the same as the log-moment and the contraction condition in
Theorem 3.1 of Bougerol (1993), and these are clearly implied by Theorem 1, since the map-
ping function ¢? ( £i(0), V0 f:(0), e, 9) has finite log-moment and the contraction condition is
satisfied because 0 < a < a < @ < 1. We then only have to check condition S.3 of Strau-
mann and Mikosch (2006), that ensures that the perturbed and unperturbed SRE converge
sufficiently fast for the difference between their asymptotic solutions to vanish exponentially
fast.

The condition follows by showing that

e.a.s.
sup — 0,

0cO

Cb? <fi(9)7ve.fl(0)76i,0> — ¢f (fi(e),veﬁ(e),ei,e)‘
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where V?f1(6) is some fixed starting point for the derivative recursion. It is straightforward
to see that the norm is given by

0
Sup €.a.s. O

<o\ fi(0) = £i(9)
As VO™ (0) = VO £.(0)/ f:(6,), the first result now follows immediately.
The second and third results follow along the same lines, but now using both the SREs de-
fined by ¢?9(fi(9); Vefi(e)a V%fz'(e)) in (B~7) and ¢f99 (fz‘(‘g)a V"fi(G), Veefi(3)> V999f1(9)7 €, 9)
in (B.9), and using the e.a.s. convergence of f;(0), V¢ f;(6) and V% f;(0) to their SE limits. m

Next we introduce another lemma that provides a suitable number of bounded moments
for the derivatives of the ratio process {z/"™(0)}icz, i.c., {V02"™ (0)}icz, {V?2"™ (0)}iez
and {V?2/"™(0)},cz. As it is clear from equations (B.1), (B.2) and (B.3), this is a necessary
step to ensure that the score vector of the log-likelihood is a martingale difference sequence
with bounded and constant variance-covariance matrix, the empirical mean of the negative
Hessian matrix converges almost surely to a positive-definite constant matrix and, further,

that the third derivatives of the log-likelihood function are uniformly bounded.
Lemma B.2. Under the conditions of Theorem 1, the derivatives processes {V?z/™(0)};cz,
(V5™ (0)) ey and {V#21™(0)},cz have k uniformly bounded moments Vk > 0, that is

. k
E sup Hvegezlf’mv(Q)H ] < 0.

0cO

: k
sup Hv”z{vm(e)H < oo, E
00

. k
SupHvazif’mV(Q)H ] < oo, E
0cO

Proof of Lemma B.2

Consider the SRE (B.4), then we have Hv%{m(e)” = ||V?£:(0)/£:(60)|, and

VO fir1(6) ANVIAG) | < < o
I < (1 —a) 1—a) 0 ,
1i(6o) = ) Wo s ( ) ei—jfi—j(o)  fi_;(0)
J fi(60) fi(60)



so that, for ¢ sufficiently large, we get

VO fi11(0) — 0 vllemifioi(6o) — fz‘—j(e)H
A AP Sl rna AP ey |

Since Theorem 1 implies that E [logJr |eifi(90)|} <log2+E [log" ||| + E [logJr |fz(00)u <
oo and E [logJr ‘fz(ﬁ)‘] < 00, then by Lemma 2.2 of Berkes et al. (2003) and using the
exponential decay of the weights (1 — «), it holds that Z;:o (1—a) |€i—jfi—j(60)|| < o0 and
Zz’:o (1—a) || fi—;(8)|| < oo with probability one.

Next, we also note that by Assumption 1 it clearly holds that E UQH < oo for some
sufficiently small » > 0, whereas in Theorem 1 we already proved that E [| fi(ﬁo)ﬂ < 00.
From this, it follows that E [supgee | fz(Q)‘r] < 00, because, for 7 sufficiently large and the

strict stationarity of { fi(e)}iez, we have

+) (1= a) e fii(6h), (B.10)

Jj=0

RIE

so that, for all & > 0, an application of the Markov’s and Cauchy-Schwartz inequalities yields

Supz (1—a) e jfij(6) >0 <6~ ’"/QEUGOH [‘fo (60)| }supz (1—a)

96@

Moreover, using the almost sure representation in (B.10), we have

fH—l H vwfz-H H —1 -1
= a i+1(00) < |law , B.11
fz+1 fz-i—l 00 H f+1 0 H H OH ( )
and, using €;f;(0p) < ag ' fir1(6o),
H Ve fia(0 H = S+ o(l—a+ja)(l— a)’ ! €i—j fi—j(0o)
fir1(6o) fi+1(6o)
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<Y Sl —atja)(l—a) e fii(6o)

T a’wy wo + 2 720(1 —a)ieijfij(0)

W n dio(l—a :j ) (1 _'Of)j_l In(1 + i) ' (B.12)
a?wo wo + 22 5—o(1 — ) In(1 +yi;)

The rest of the proof now follows along the same lines as Lemma 5.2 in Berkes et al.

(2003). A similar argument proves the result for the second and third derivative process

(V2™ () }iez and {V]"™(0)}ica. -

Lemma B.3. Under the conditions of Theorem 1, the Hessian processes {V%Q;(0)}:cz has

a uniformly bounded moment, that is

E

ap |00 | <=

Proof of Lemma B.3

Using equation (B.2), together with a combination of Holder and Minkowsky inequalities, we

obtain
= o [0
0cO
1/2 - ‘o N N ) 1/2
. 2 00 . J,inv 0 6, finv 0 6, frinv 0 T
< | E |sup ez'—zif’mv(@)H E |sup Vf;z 9) Va (f.)V s (0)
969 9€@ Zi 7lIlV(e)Q ZZ- ,an(g)g
[ 0 f,inv 0 0 f,inv 0 T ]
_|_E Sup v Z’L (f)v ZZ ( )
00 z""(0)?
/ ] 1/2
1/2 ) 2
<C x (E [Ef]) + | E |sup zif’mv(ﬁ)‘
0cO
v% frinv 0 Vo finv 9 Ve frinv N
X E |sup f,12+() + | E |sup <i (fizw 2" (0)
9eo || 2" (0)? 60 2" (9)3
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ngif,inV(e)vazif,inV(9>T
Zf,inV(e)Q

)

+C x E [sup
0co

By Assumption 1 we clearly have that E [ef] = 1 whereas by Theorem 1(éi7) it holds that

L0 | = [supaco [1/50)

[ k
E |supgeo } < oo for any k > 0. Furthermore, in Lemma

< oo and

. k
B.2 we proved that the derivative processes satisfy E [supé,e@ Hvez{ ’mV(H)H

. k
E |supgpeo Hv%z{ " (0) H } < oo for any k > 0, and therefore, by combining all these results,
we infer that E |:Sup0€® HV(MQZ-(H)M < 00, thus concluding the proof of the Lemma. [
Lemma B.4. Under the conditions of Theorem 1, there exists a closed neighborhood Ns(6y)

defined as Njs(6y) = {# € © : [|§ — || <} for some § > 0 for which the third derivative
processes {V%°Q;(0)}icz satisfies

1 & 660 RS
sup ||— V777Q:(0)|| < — Wy, B.13
0eNs(6o) || VT ; ©) nr 121 ( )

where {w;},., is stationary and ergodic and has a bounded moment E [w;] = w. Furthermore,

it holds that % ST w; < .

Proof of Lemma B.4
Using the triangular inequality, we have

nr nr

sup || - > V)| < x > sup

0€Ns(60) || VT = Ny S 6eN;(60)

1=

lveeain) H

Then, by repeated applications of the the Cauchy-Schwarz and the Minkowski inequalities,

to the third-order derivative in equation (B.3), we obtain

sup ’VGQGQZ»(Q)H
6€Ns(6o)
, 2\ /2 V999 1V (g vee V2™ (0)) VO™ (9)T
S( sup Ei_zif,mV(Q)H ) sup fii:, ( ) _2< % fh(w)) 7 ( )
0 N;(00) oeNs(00) || 2 (0)? z"(0)?




(veezzf,mV(e) ® vezif,inV(9>) + (vezif,mV(e) ® V@ezif,in\/(9>)

4oy
0 . finv 0 finv T o _f,inv 2\ 1/2
+6(V 2OV () )®V z"(0)
Zif,inV(e)4
inv inv inv 2 1/2 1/2
o w [TEO @) [0y
0€N;(00) zif’”w(H)2 zl.fvmV(e)?) 0eN;(00) ’
- (Vggzlf,invw) ® vgzlf,invw)) + (ngzf,im(e) ® V%Zif’inv(e))
e N;(60) 2P ()2
- Q(V%;‘vi“(e)®v%g”’i“(e))vez[»i“(ef
9€N5(00) 2P (g)3

Therefore, by using similar arguments as those employed in the proof of Lemma B.3, and
some tedious calculations allow us to establish (B.13). Hence, supge; g,) HV(’%Qi(H)H < wj;
where {w,},., is stationary and ergodic as desired, and the claimed almost sure convergence

directly follows by the ergodic theorem, which ends the proof of the Lemma. [
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C Derivation of market risk measures

To derive the one-step-ahead VaR, we note that

G(Xy)

1— G(Xt) = ]P(Xt > Xt) = P(Xt > Tt)IP)(Xt > Xt|Xt > Tt)

= P(X;>n)P(X; > Xo|(Xy — 1) /7 > 0) = a(Tt)F(yi)a

where the third equality sign uses a standard conditioning argument, and y; = (X, —7,) /7,

We can use this result to obtain VaR!'=™ (X, | F,_1,0) = ¢; "(X,) by setting

nti

— (1+ yi)*l/fi —

1

—fi
1 (g (X)) = ( ) )

i
<~ qtli_’y<Xti) = Tt (n Py/t ) ) (C]_)
ti/ Vi

where n;/t serves as an estimator of G(7;). This expression coincides with the expression

given in the main text.

The Expected Shortfall ES!=7(X;) is given by

1

ES'(X,) = % / ¢ (X,)ds

1—y

~ VaR'"(X, | Fio1,0)
— - :

which is derived by moving constant terms in front of the integral and noting that

1 1-f;
/ (1—s)fids = 7
1

. 1—fi

for f, < 1.
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For completeness, we note that in D’Innocenzo et al. (2024) the market risk measures are

given by

Zti ' —11, C.3
fi nti/ti ( )
~ VaR'" (X, | Fio1,0) N 0y, — fimy,
N 1-— fl 1- fz ,

VaRl_Fy (th) = Qtli_w(Xti) =T +

ESY™ (X)) (C.4)

for a tail-scale parameter d;. It is easily verified that these expressions collapse to (C.1) and

(C.2) if we set &, = fim, in line with the limiting result of de Haan and Ferreira (2006).
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D Additional simulation results

This appendix presents additional simulation results that illustrate the estimation of w and
the difficulty in empirically identifying it. Figure D.1’s top panels show that the shape of the
log-likelihood is such that there are regularly peaks near the correct value, but also many
instances where w is estimated too low (and thus —log(w) too high). Figure D.1’s bottom
panels show that this phenomenon is unrelated to the estimation of &, which has a similar
dispersion around each of the modes around its true value o = 0.01. For very large sample
sizes, the bimodality disappears and the limiting result of asymptotic normality also applies
to w; see Figure D.2.

Figure D.3 presents simulation results that are discussed in the main text.
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Figure D.1: Simulation results for w

Upper panels: kernel density estimates of the distribution of the MLE for — log(w) for two (correctly
specified) scenarios (1: 7 known; 2: 7; estimated). The kernel density estimates are based on
S = 100 simulations. Lower panels: scater diagrams of & (horizontal) and —logw (vertical) for

T = 50, 000.
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Figure D.2: Asymptotic normality for very large sample sizes, T = 500, 000
Kernel density plot for —log(@), vertical line at true value —log(1.5 x 1075). Based on 1,000
simulations using true 7 and k = 10%.
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Figure D.3: Simulation results scenario 3

Top panels show kernel density estimates of the distribution of the MLE for & for scenario 3 (i.e., a
Gaussian AR(1) for the true log(f;), such that the model’s tail shape dynamics are mis-specified),
using estimated thresholds 7;. The kernel density estimates are based on S = 100 simulations and
are for & estimated freely or & fixed at @ = 1077 during estimation. Lower panels show the fit of
the filtered f,(é) to the true f;(6p) in a typical simulation run for two of the sample sizes. Note that
the number of POTs is about k£ = 10% of the sample size given the mixture setup of the DGP.
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